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THE WEBSTER SCALAR CURVATURE AND SHARP UPPER AND
LOWER BOUNDS FOR THE FIRST POSITIVE EIGENVALUE OF THE
KOHN-LAPLACIAN ON REAL HYPERSURFACES
SONG-YING LI AND DUONG NGOC SON
Abstract. Let (M, θ) be a compact strictly pseudoconvex pseudohermitian manifold
which is CR embedded into a complex space. In an earlier paper, Lin and the authors gave
several sharp upper bounds for the first positive eigenvalue λ1 of the Kohn-Laplacian b
on (M, θ). In the present paper, we give a sharp upper bound for λ1, generalizing and ex-
tending some previous results. As a corollary, we obtain a Reilly-type estimate when M is
embedded into the standard sphere. In another direction, using a Lichnerowicz-type esti-
mate by Chanillo, Chiu, and Yang and an explicit formula for the Webster scalar curvature,
we give a lower bound for λ1 when the pseudohermitian structure θ is volume-normalized.
1. Introduction
In recent years, there has been much effort devoted to the study of the spectrum of
the Kohn-Laplacian b on compact strictly pseudoconvex CR manifolds; see e.g. [3, 12,
13]. It is proved by Burns-Epstein [2] for the three-dimensional case that the spectrum
of b in (0,∞) consists of point eigenvalues of finite multiplicity and the corresponding
eigenfunctions are smooth (the higher dimensional case is well-known and even simpler; see
e.g. [12]). Moreover, zero is an isolated eigenvalue if and only if b has closed range. By the
work of Kohn [7], the latter condition is satisfied if M is embeddable in a complex space.
Furthermore, this embedability condition holds if the manifold is compact and of dimension
at least five [1]. Thus, assume that M is embedded, the spectrum of b consists of zero and
a sequence of point eigenvalues 0 < λ1 < λ2 < · · · < · · · increasing to the infinity. In this
situation, one may study the basic problem of estimating the first positive eigenvalue λ1 on
a compact embeddable strictly pseudoconvex pseudohermitian manifold. In a recent paper
[13], Guijuan Lin and the authors gave several sharp and explicit upper bounds for λ1 on
compact strictly pseudoconvex real hypersurfaces of Cn+1. It is proved in [13, Theorem 1.2]
that when M is defined by a strictly plurisubharmonic defining function ρ which satisfies a
certain condition, and θ := (i/2)(∂¯ρ−∂ρ), then λ1 is bounded above by the average value on
M of |∂ρ|−2ρ , the inverse of the square of the length of ∂ρ in the Ka¨hler metric induced by ρ
nearM . In Theorem 4.1 of the same paper, another upper bound is given in terms of |∂ρ|−2ρ
and the eigenvalues of the complex Hessian H[ρ] of ρ. The first purpose of the present paper
is to continue studying the upper bounds for λ1, explicitly in terms of ρ. Namely, we shall
prove that a similar bound still holds when ρ satisfies a more general condition given below.
We also relate the bound with the transverse curvature of M induced by ρ. To describe our
results in detail, let us first fix some notations. Let M ⊂ Cn+1 be a strictly pseudoconvex
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real hypersurface and ρ a defining function for M , i.e., M := {Z ∈ Cn+1 : ρ(Z) = 0}, with
dρ 6= 0 along M . The restriction of i∂∂¯ρ to T 1,0M × T 0,1M is definite and hence assumed
to be positive. There exists a unique (1, 0) vector field ξ near M and a real function r such
that [9]
ξy ∂∂¯ρ = r[ρ] ∂¯ρ, ∂ρ(ξ) = 1. (1.1)
The function r = r[ρ] is called transverse curvature by Graham and Lee [5, 9]. The readers
can check that if ρ is strictly plurisubharmonic, then r[ρ] = |∂ρ|−2ρ . This function will play
an important role in this paper.
On the other hand, the defining function ρ “induces” a pseudohermitian structure θ on
M by
θ =
i
2
(∂¯ρ− ∂ρ). (1.2)
Thus (M,θ) is a pseudohermitian manifold in the sense of Webster [16]. Since M is strictly
pseudoconvex, dV := θ ∧ (dθ)n is a volume form on M . This is the volume form we use
to define the adjoint ∂¯∗b of the ∂¯b operator. The Kohn-Laplacian acting on function is thus
b := ∂¯
∗
b ∂¯b.
The first result in this paper is the following theorem.
Theorem 1.1. Let M be a compact strictly pseudoconvex hypersurface in Cn+1 defined by
ρ = 0 and let θ = ι∗(i/2)(∂¯ρ− ∂ρ). Suppose that there are positive numbers N > 0, ν > 0,
and a pluriharmonic function ψ defined in a neighborhood of M such that
(ρ+ ν)N − ψ =
K∑
µ=1
|f (µ)|2. (1.3)
where fµ are holomorphic for µ = 1, 2, . . . ,K. Then
λ1(M,θ) ≤ n
v(M,θ)
∫
M
r[ρ] θ ∧ (dθ)n + n(N − 1)
ν
. (1.4)
If the equality occurs, then the functions bµ := bf¯
(µ) are eigenfunctions that correspond
to λ1.
It is easy to see that in the special case N = 1, estimate (1.4) is stronger than the one in
Theorem 4.1 in [13]. Moreover, putting N = 1, ν = 1, and ψ = 0, we obtain the following
“Reilly-type” estimate.
Corollary 1.2. Suppose that M is a compact strictly pseudoconvex manifold and F : M →
S
2K+1 is a CR immersion. Let Θ be the standard pseudohermtian structure on the unit
sphere, and let rF = r[ρ] where ρ :=
∑K
µ=1 |F (µ)|2 − 1. Then
λ1(M,F
∗Θ) ≤ n
v(M,F ∗Θ)
∫
M
rF F
∗Θ ∧ (dF ∗Θ)n. (1.5)
If the equality occurs, then b(µ) := bF¯
(µ) are eigenfunctions that correspond to λ1.
We shall show in Example 3.3 that rF is constant does not implies that the equality in
(1.5) holds. It is an open question whether the equality in (1.5) holds only if M is a sphere.
We note that Corollary 1.2 is analogous to the well-known Reilly extrinsic estimate in
Riemannian geometry from 1977 [15]: “The first eigenvalue of the Laplacian for a compact
n-manifold isometrically immersed in Euclidean space is bounded above by n times the
average value of the square of the norm of the mean curvature vector.”
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The second purpose of this paper is to study the lower bound for λ1, explicitly in terms
of the defining function. For this purpose, we shall consider the unique volume-normalized
pseudohermitian structure for M . Recall that for any strictly pseudoconvex hypersur-
face M ⊂ Cn+1, there exists a unique pseudohermitian structure Θ on M that is volume-
normalized with respect to the restriction of ζ := dz1 ∧ dz2 ∧ · · · ∧ dzn+1 onto M . It
is well-known (cf. [4]) that if ρ is a defining function satisfying J [ρ] = 1 on M , then
Θ := (i/2)(∂¯ρ − ∂ρ) is volume-normalized with respect to ζ. Here, J [ρ] be the (Levi-)
Fefferman determinant of ρ:
J [ρ] = − det
[
ρ ρk¯
ρj ρjk¯
]
. (1.6)
Following Li [11], we say that M is super-pseudoconvex if the Webster scalar curvature RΘ
of Θ is positive. This condition is equivalent to the fact that the approximate solution to
the Fefferman equation is strictly plurisubharmonic near M (see [11]). For any defining
function ρ of M , we define
D[ρ] := n(n+ 1)r[ρ]− nNρ log J [ρ]− 12∆b log J [ρ]− nn+1 |∂¯b log J [ρ]|2. (1.7)
whereNρ :=
ξ+ξ¯
2 is a real vector field transverse toM . The sub-Laplacian ∆b, the tangential
Cauchy-Riemann operator ∂¯b, and the norm | · |, are defined using θ := (i/2)(∂¯ρ− ∂ρ). The
dependency of D[ρ] on ρ is rather complicated. However, it is clear from (1.7) that if
J [ρ] = 1 +O(ρ2) near M then D[ρ] = n(n+ 1)r[ρ] on M .
Our next result is the following theorem.
Theorem 1.3. Suppose that M is a strictly pseudoconvex real hypersurface in Cn+1 and Θ
is the volume-normalized pseudohermitian structure on M . Then
(i) For any defining function ρ of M with J [ρ] > 0, the Webster scalar curvature of
(M,Θ) is given by
RΘ = J [ρ]
1/(n+1)D[ρ]. (1.8)
In particular, the expression on the right hand side does not depend on ρ.
(ii) M is super-pseudoconvex if and only if D[ρ] > 0 on M for a defining function ρ with
J [ρ] > 0 near M (and hence for all such ρ).
Note in passing that in case n = 1, Hammond [6] also gave a differential operator L
explicitly such that for any defining function ρ, L[ρ] is a constant multiple of the Webster
scalar curvature RΘ; see Remark 4.2.
We obtain the following corollary which gives an explicit lower bound for the first positive
eigenvalue of the Kohn-Laplacian.
Corollary 1.4. Let M be a compact strictly pseudoconvex real hypersurface of Cn+1 and
Θ the Fefferman volume-normalized pseudohermitian structure on M . Let λ1 be the first
positive eigenvalue of b on (M,Θ). Then for any defining function ρ with J [ρ] > 0,
λ1 ≥ nmin
M
J [ρ]1/(n+1)D[ρ]. (1.9)
provided that n ≥ 2, or n = 1 and M has positive CR Paneitz operator. In particular, if ρ
is a Fefferman approximate solution, then
λ1 ≥ nmin
M
detH[ρ] = nmin
M
r[ρ]. (1.10)
If the equality holds and n ≥ 2, then M must be equivalent to a sphere.
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We refer the reader to [3] for the definition of CR Paneitz operator. The question when
a compact strictly pseudoconvex real hypersurface in C2 has positive CR Paneitz operator
is still open in general.
We note that, for the special case when M is the real ellipsoid, the sharp lower bound for
λ1 and the characterization of equality case (Obata type theorem) were given by Lin [14].
The paper is organized as follows. In Section 2, we collect some basic facts about pseu-
dohermitian geometry and fix notations. In Section 3, we prove a general formula for b
generalizing a formula in [13] and prove Theorem 1.1. In Section 4, we prove Theorem 1.3
and Corollary 1.4.
2. Preliminaries
Let M ⊂ Cn+1 be a strictly pseudoconvex real hypersurface and ρ a defining function
for M , i.e., M := {Z ∈ Cn+1 : ρ(Z) = 0}, with dρ 6= 0 along M . The restriction of i∂∂¯ρ to
T 1,0M × T 0,1M is definite and is assumed to be positive. There exists unique (1, 0) vector
field ξ near M and a real function r such that, cf. [9]
ξ y ∂∂¯ρ = r[ρ] ∂¯ρ, ∂ρ(ξ) = 1. (2.1)
Let N = 12
(
ξ + ξ
)
and T = i(ξ − ξ). Then Nρ = 1 and Tρ = 0. Furthermore, T is the
Reeb vector field associated to the pseudohermitian induced by ρ:
θ =
i
2
(∂¯ρ− ∂ρ). (2.2)
In local computations, write ξ = (ξk) and choose
θk := dzk − ξk∂ρ. (2.3)
Since ρkξ
k = 1, one has ρkθ
k = 0. By direct calculations,
−idθ = ρjk¯θj ∧ θk¯ + r[ρ]∂ρ ∧ ∂¯ρ. (2.4)
Thus, the restriction of ρjk¯θ
j ∧ θk¯ to M is the Levi-form of (M,θ). The function r = r[ρ] is
called transverse curvature [5]. When ρn+1 6= 0, we can write
− idθ = hαβ¯θα ∧ θβ¯ + r∂ρ ∧ ∂¯ρ, (2.5)
where
hαβ¯ = ραβ¯ − ρα∂β¯ log ρn+1 − ρβ¯∂α log ρn+1 + ρn+1n+1
ραρβ¯
|ρn+1|2 (2.6)
are the entries of the Levi matrix. By direct calculations, we obtain
hαβ¯ξ
α = −Zβ¯ log ρn+1 with Zβ¯ =
∂
∂z¯β
− ρβ¯
ρn+1
∂
∂z¯n+1
. (2.7)
Sometimes we use w for the last coordinate zn+1. We always assume that J [ρ] > 0 along
M .
Proposition 2.1. Let φjk¯ be the adjugate matrix of H[ρ] := [ρkl¯]. Then
r[ρ] ρk¯ = ρjk¯ξ
j , r[ρ] = ρjk¯ξ
jξk¯ =
detH[ρ]
J [ρ]
, and ξk =
φj¯kρj¯
J [ρ]
. (2.8)
In particular, detH[ρ] = 0 if and only if the transverse curvature r[ρ] = 0.
Proof. This is from routine calculation. 
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To compute the connection forms, we note that θα = dzα− iξαθ is an admissible coframe
on M with respect to θ. Then the corresponding connection forms ωβ
α were calculated in
[10] (see also [16]). Namely,
ωβ
α =
(
hαµ¯Zγhβµ¯ − ξβδαγ
)
θγ + ξαhβγ¯θ
γ¯ − iZβξαθ. (2.9)
This formula will be crucial for our further computations.
Proposition 2.2 (Li-Luk [10]). Let M be a strictly pseudoconvex real hypersurface defined
by ρ = 0, not necessarily plurisubharmonic, and θ = (i/2)(∂¯ρ− ∂ρ). Define
Dρ
αβ¯
= ∂β¯∂α − (ρα/ρw)∂w∂β¯ − (ρβ¯/ρw¯)∂w¯∂α + (ραρβ¯/|ρw|2)∂w∂w¯. (2.10)
Then in term of the coframe {θα} as in (2.3), the Webster Ricci tensor has components
Rαβ¯ = −Dραβ¯ log J [ρ] + (n+ 1)r[ρ]hαβ¯ . (2.11)
Proof. This follows from [10], equation (2.43) and the fact that r[ρ] = detH(ρ)/J [ρ]. 
The following proposition is implicit in [9].
Proposition 2.3. Let ψjk¯ = ρjk¯ + (1 − r[ρ])ρjρk¯ and suppose that J [ρ] > 0. Then ψjk¯ is
invertible. Let ψk¯j be its inverse. Then ξk¯ = ρjψ
k¯j . Moreover, the inverse of Levi-matrix
is
hβ¯γ = ψβ¯γ − ξβ¯ξγ . (2.12)
Proof. That ψjk¯ is invertible is already observed in [9]. In fact, by a simple formula for
determinant of rank-one perturbations of a matrix,
det[ψjk¯] = detH[ρ] + (1− r)ρk¯ φk¯jρj
= detH[ρ] + (1− r)J [ρ] = J [ρ]. (2.13)
This implies that ψjk¯ is invertible since J [ρ] > 0 on M .
Since r[ρ]ρj = ρjk¯ξ
k¯ and ρk¯ξ
k¯ = 1, we obtain
rρjψ
jl¯ = ρjk¯ξ
k¯ψjl¯ = ξk¯(δl¯k¯ − (1− r)ρjρk¯ψjl¯) = ξ l¯ − (1− r)ρjψjl¯ (2.14)
Therefore,
ψjl¯ρj = ξ
l¯. (2.15)
To prove (2.12), with the notation w = n+ 1, we note that
ξγhγα¯ = −Zα¯ log ρw. (2.16)
On the other hand,
ψβ¯γργα¯ = ψ
β¯jρjα¯ − ψβ¯wρwα¯
= δβ¯α¯ − (1− r)ρα¯ρjψβ¯j − ψβ¯wρwα¯
= δβ¯α¯ − (1− r)ρα¯ξβ¯ − ψβ¯wρwα¯. (2.17)
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Here as usual, repeated Latin indices are summed from 1 to n + 1 and Greek indices are
summed from 1 to n. Also by direct calculation,
ψβ¯γργρwα¯
ρw
=
ρwα¯ξ
β¯ρw¯
|ρw|2 − ψ
β¯wρwα¯, (2.18)
ψβ¯γρα¯ργw¯
ρw¯
= −ψ
β¯wρww¯ρα¯
ρw¯
− (1− r)ρα¯ξβ¯, (2.19)
ψβ¯γρα¯ργρww¯
|ρw|2 =
ρα¯ξ
β¯ρww¯
|ρw|2 −
ρα¯ρww¯ψ
β¯w
ρw¯
. (2.20)
Thus,
ψβ¯γhγα¯ = δ
β¯
α¯ +
ρα¯ξ
β¯ρww¯ − ρwα¯ξβ¯ρw¯
|ρw|2 = δ
β¯
α¯ − ξβ¯Zα¯ log ρw (2.21)
Therefore,
(ψβ¯γ − ξβ¯ξγ)hγα¯ = δβ¯α¯. 
3. An explicit formula for the Kohn-Laplacian and the proof of
Theorem 1.1
Explicit formulas for the Kohn-Laplacian have been given in [13]; see also [9]. Here we
prove the formula given in [13] in a more general situation. We shall use the notations as
in Section 2.
Proposition 3.1. Let ∆˜ρ be the degenerate second order real differential operator
∆˜ρ = (ξ
jξk¯ − ψk¯j)∂j∂k¯. (3.1)
The Kohn-Laplacian and the sub-Laplacian on (M,θ) are given by
bf = ∆˜ρf + n ξ¯f,
1
2∆bu = ∆˜ρu+ nNρu, (3.2)
where f is complex-valued and u is real-valued.
Proof. The proof is similar to that of Proposition 2.1 in [13] which, in turns, uses the formula
for the Tanaka-Webster connection forms obtained by Li-Luk [10]. Here we work in a more
general case with ρ is not assumed to be strictly plurisubharmonic.
First, notice that
Z β¯ = hβ¯γZγ = (ψ
β¯γ − ξβ¯ξγ)
(
∂γ − ργ
ρw
∂w
)
= ψβ¯γ∂γ − ψ
β¯γργ
ρw
∂w − ξβ¯ξγ∂γ + ξ
β¯ξγργ
ρw
∂w
= ψβ¯γ∂γ −
(
ξβ¯ − ψβ¯wρw
ρw
)
∂w − ξβ¯ξγ∂γ +
(
ξβ¯(1− ξwρw)
ρw
)
∂w
= ψβ¯γ∂γ + ψ
β¯w∂w − ξβ¯ξγ∂γ − ξβ¯ξw∂w
= ψβ¯k∂k − ξβ¯ξk∂k. (3.3)
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By (2.9), (2.18), (2.7), and ωβ¯
σ¯(Zγ) = ξ
σ¯hβ¯γ , we obtain
−bf = hβ¯γ
(
ZγZβ¯f − ωβ¯ σ¯(Zγ)Zσ¯f
)
= Z β¯Zβ¯f − hβ¯γξσ¯hβ¯γZσ¯f
=
[
ψβ¯k∂k − ξβ¯ξk∂k
] [
fβ¯ −
ρβ¯
ρw¯
fw¯
]
− nξσ¯Zσ¯f
= −∆˜f −
[
ψw¯kfkw¯ − ξw¯ξkfkw¯
]
−
[
ψβ¯kfkw¯ − ξβ¯ξkfkw¯
] ρβ¯
ρw¯
− 1
ρw¯
[
ψβ¯kρkβ¯ − ξβ¯ξkρkβ¯
]
fw¯ +
1
ρ2w¯
[
ψβ¯kρkw¯ − ξβ¯ξkρkw¯
]
ρβ¯fw¯ − nξσ¯Zσ¯f
= −∆˜f + ξkfkw¯
[
ξw¯ − 1
ρw¯
+ ξβ¯
ρβ¯
ρw¯
]
− fw¯
ρw¯
( [
ψβ¯k − ξβ¯ξk
]
ρkβ¯ −
1
ρw¯
[
ψβ¯k − ξβ¯ξk
]
ρkw¯ρβ¯
)
− nξσ¯Zσ¯f
= −∆˜f − nξσ¯Zσ¯f
− fw¯
ρw¯
(
n− (1 − r)ξβ¯ρβ¯ − ξβ¯rρβ¯ +
ρβ¯
ρw¯
[
(1− r)ξβ¯ρw¯ + ξβ¯rρw¯
] )
= −∆˜f − nξσ¯fσ¯ + nξσ¯ ρσ¯
ρw¯
fw¯ − fw¯
ρw¯
(
n− ξβ¯rρβ¯ + ρβ¯ξβ¯r
)
= −∆˜f − nξσ¯fσ¯ − nξw¯fw¯. (3.4)
This proves the formula for b in (3.2). The one for ∆b can be obtained by noting that
∆bu = bu+bu (u is real-valued). 
Proof of Theorem 1.1. Differentiate (1.3), we obtain
NνN−1ρj − ψj =
K∑
µ=1
f
(µ)
j f¯
(µ), NνN−2(νρjk¯ + (N − 1)ρjρk¯) =
K∑
µ=1
f
(µ)
j f¯
(µ)
k¯
. (3.5)
On the other hand, by the formula for the Kohn-Laplacian in (3.2), bf¯
(µ) = nξk¯f¯
(µ)
k¯
.
Therefore,
|bf¯ (µ)|2 = n2ξk¯f¯ (µ)k¯ ξlf
(µ)
l . (3.6)
Summing over µ = 1, 2, . . . ,K, we obtain
K∑
µ=1
|bf¯ (µ)|2 = n2ξk¯ξl
K∑
µ=1
f¯
(µ)
k¯
f
(µ)
l
= n2ξk¯ξl
(
NνN−1ρlk¯ +N(N − 1)νN−2ρjρk¯
)
= n2NνN−2 (ν r +N − 1) . (3.7)
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Next, observe that by (2.6) (assuming ρw 6= 0)
K∑
µ=1
Zγ¯ f¯
(µ)Zσf
(µ) =
K∑
µ=1
(
f¯
(µ)
γ¯ −
ργ¯
ρw¯
f¯
(µ)
w¯
)(
f (µ)σ −
ρσ
ρw
f (µ)w
)
=
K∑
µ=1
f¯
(µ)
γ¯ f
(µ)
σ −
ργ¯
ρw¯
K∑
µ=1
f¯
(µ)
w¯ f
(µ)
σ −
ρσ
ρw
K∑
µ=1
f (µ)w f¯
(µ)
γ¯ +
ργ¯ρσ
|ρw|2
K∑
µ=1
f (µ)w f¯
(µ)
w¯
= NνN−1
(
ρσγ¯ − ργ¯ρσw¯
ρw¯
− ρσργ¯w
ρw
+
ργ¯ρσρww¯
|ρw|2
)
= NνN−1hσγ¯ . (3.8)
Therefore,
K∑
µ=1
|∂¯bf¯ (µ)|2 = hσγ¯
K∑
µ=1
Zγ¯ f¯
(µ)Zσf
(µ) = nNνN−1. (3.9)
Applying Corollary 3.2 in [13], we obtain,
λ1 ≤ min
µ
‖bf¯ (µ)‖2
‖∂¯bf¯ (µ)‖2
≤
∑K
µ=1 ‖bf¯ (µ)‖2∑K
µ=1 ‖∂¯bf¯ (µ)‖2
=
n
v(M)
∫
M
r θ ∧ (dθ)n + n(N − 1)
ν
. (3.10)
This proves the inequality.
Next, assume that the equality occurs in (1.4) and b(µ) := bf¯
(µ). Then by inspecting the
proof of Corollary 3.2 in [13], b(µ) must be orthogonal to the eigenfunctions corresponding
to λk for all k ≥ 2. Also, it is clear that b(µ) is orthogonal to kerb. Consequently, b(µ)
must be in the eigenspace that corresponds to λ1, i.e., bb
(µ) = λ1b
(µ).
Finally, b(µ) is non-trivial, as otherwise, f¯ (µ) must be CR and hence f (µ) must be a
constant. This is a contradiction. 
We remark that (3.2) generalizes a formula in [13]: We do not assume here that ρ is
strictly plurisubharmonic. Using this formula, we can slightly improves Theorem 1.1 in [13]
as follows.
Theorem 3.2. Suppose M is a compact strictly pseudoconvex hypersurface given by ρ = 0
with the transverse curvature r[ρ] ≥ 0. Assume that for some j,
ℜ
(
n r[ρ] ρj¯∆˜ρ ρj + |∆˜ρ ρj |2
)
≤ 0 on M. (3.11)
Then
λ1(M,θ) ≤ nmax
M
r[ρ]. (3.12)
and the equality holds only if the transverse curvature r[ρ] is constant along M .
We end this section by the following example showing that the constancy of the transverse
curvature does not implies the equality in the estimates, even in the case M is a sphere.
Example 3.3. The unit sphere S3 in C2 can be defined by ρ = 0 with
ρ = |z2|2 + 2|zw|2 + |w2|2 − 1. (3.13)
Observe that on S3, detH[ρ] = 8, J [ρ] = 4, and the transverse curvature is constant:
r[ρ] = 2. Since ∂ρ = 2(z¯dz + w¯dw) on S3, the pseudohermitian θ := (i/2)(∂¯ρ− ∂ρ) is twice
of the standard pseudohermitian structure on S3 and hence λ1(S
3, θ) = 12 . Observe that
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(S3, θ) is CR immersed into S5 ⊂ C3 via H. Alexander’s map F (z, w) := (z2,√2zw,w2) and
the Corollary 1.2 applies. Thus, the constancy of r[ρ] does not implies that the equality
occurs in (1.5).
4. Webster scalar curvature and proofs of Theorem 1.3 and Corollary 1.4.
In this section, we prove a formula for the Webster scalar curvature of the volume-
normalized pseudohermitian structure of a real hypersurface.
Proposition 4.1. Let M be a strictly pseudoconvex hypersurface given by ρ = 0 and θ a
pseudohermitian structure given by θ = (i/2)(∂¯ρ− ∂ρ). Then the Webster scalar curvature
is given by
Rθ = n(n+ 1)r[ρ]− nNρ log J [ρ] + 12∆b log J [ρ], (4.1)
where ∆b is the (positive) sublaplacian defined by θ. In particular, if J [ρ] = 1+O(ρ
3), then
Rθ = n(n+ 1)r[ρ]. (4.2)
Proof. Observe that the Webster Ricci tensor has components,
Rαβ¯ = −Dραβ¯ log J [ρ] + (n+ 1)r[ρ]hαβ¯ . (4.3)
On the other hand, since ψβ¯jρj = ξ
β¯, etc., we can compute
(ψβ¯α − ξβ¯ξα)ρα
ρw
=
ξβ¯ − ψβ¯wρw − ξβ¯(1− ρwξw)
ρw
= ξβ¯ξw − ψβ¯w, (4.4)
Similarly,
(ψβ¯α − ξβ¯ξα)ρβ¯
ρw¯
= ξαξw¯ − ψαw¯, (4.5)
and
(ψβ¯α − ξβ¯ξα)ρβ¯ρα
|ρw¯|2 = ξ
wξw¯ − ψw¯w. (4.6)
We obtain,
− hβ¯αDρ
αβ¯
= (ξjξk¯ − ψk¯j)∂j∂k¯ = ∆˜ρ = 12∆b − nNρ. (4.7)
Therefore, by (4.3)
Rθ = Rα
α = −hβ¯αDρ
αβ¯
log J [ρ] + n(n+ 1)r[ρ]
= n(n+ 1)r[ρ]− nNρ log J [ρ] + 12∆b log J [ρ]. 
Proof of Theorem 1.3. Let ρ be any defining function satisfying J [ρ] > 0. Let ρ˜ be the
“second approximation”:
ρ˜ = J [ρ]−1/(n+1)e−B(z)ρ(z), (4.8)
where
B(z) :=
1
2n(n+ 1)
trace(H(− log(−ρ)))−1H(log J [ρ]). (4.9)
Then J [ρ˜] = 1 + O(ρ˜2) and B(z) = 0 on M (see [11]). The unique volume-normalized
structure is given by
Θ := (i/2)(∂¯ρ˜− ∂ρ˜) (4.10)
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Since B(z) = 0 on M , we have
Θ = euθ, u = − log J [ρ]
n+ 1
. (4.11)
On the other hand, if RΘ is the Webster scalar curvature of Θ, then by Lee’s formula [8]
euRΘ = R+ (n+ 1)∆bu− n(n+ 1)|∂bu|2. (4.12)
By Proposition 4.1,
euRΘ = R−∆b log J [ρ]− n
n+ 1
|∂b log J [ρ]|2
= n(n+ 1)r[ρ]− nNρ log J [ρ]− 12∆b log J [ρ]−
n
n+ 1
|∂b log J [ρ]|2
= D[ρ]. (4.13)
Finally, observe that eu = J [ρ]−1/(n+1), hence
RΘ = J [ρ]
1/(n+1)D[ρ]. 
Proof of Corollary 1.4. Let Θ be the unique volume-normalized pseudohermitian structure
on M . It is well-known that Θ is pseudo-Einstein and so
Rαβ¯ = (R/n)hαβ¯ ≥ min(R/n)hαβ¯ . (4.14)
Therefore, by Chanillo-Chiu-Yang estimate [3],
λ1 ≥ minR/(n+ 1) = 1
n+ 1
J [ρ]1/(n+1)D[ρ]. (4.15)
By [12], if n ≥ 2, the equality occurs if and only if M is the sphere.
If ρ is a second approximate solution, i.e., J [ρ] = 1 +O(ρ2), then
RΘ = D[ρ] = n(n+ 1) detH[ρ]. (4.16)
Therefore, in this case λ1 ≥ nminM detH[ρ]. The proof is complete. 
Remark 4.2. In C2, our formula (1.8) for RΘ is related to Hammond’s in [6]. To see
this, let M ⊂ C2 be a strictly pseudoconvex real hypersurface and p ∈ M . Suppose that
near p, there is a holomorphic coordinates (z, w) centered at the origin such that ρ has an
expansion of the form
ρ = −ℑw + |z|2 + κ|z|4 + γzz¯3 + γz3z¯ + · · · , (4.17)
where κ and γ are real. This is the volume-preserving normal form of Hammond [6]. One
can calculate D[ρ](0) = 4κ and J [ρ](0) = 14 , and therefore, the Webster scalar curvature at
the origin is
RΘ(0) = J [ρ]
1/3D[ρ](0) = 2
3
√
2κ. (4.18)
This agrees with Hammond’s result, except that the constant is different from the one in
[6] due to a different normalization.
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